Uncertainty theory is a branch of mathematics for modeling human uncertainty. This paper gives a concept of polyrectangle in product uncertainty space and proves a polyrectangular theorem. This paper also proposes a concept of independence of uncertain vectors and discusses some mathematical properties of it. Finally, this paper presents a concept of normal uncertain vector with multivariate normal distribution.
http://www.juaa-journal.com/content/1/1 /9 In order to rank the uncertain variables, Liu [2] proposed the concept of expected value operator. In addition, the linearity of expected value operator was verified by Liu [9] . As an important contribution, Liu and Ha [11] derived a useful formula for calculating the expected values of monotone functions of uncertain variables. Based on the expected value operator, Liu [2] presented the concepts of variance and moments of uncertain variables. Furthermore, some variance formulas were given by Yao [12] . This paper will give a concept of polyrectangle in product uncertainty space and prove a polyrectangular theorem. This paper will also propose a concept of independence of uncertain vectors and discuss some mathematical properties of it. Finally, this paper will present a concept of normal uncertain vector with multivariate normal distribution.
Uncertainty theory
Let be a nonempty set, and L a σ -algebra over . Each element in L is called an event. Liu [2] 
The triplet ( , L, M) is called an uncertainty space. Furthermore, Liu [4] defined a product uncertain measure by the fourth axiom:
where k are arbitrarily chosen events from
An uncertain variable is defined by Liu [2] as a function ξ from an uncertainty space ( , L, M) to the set of real numbers, such that {ξ ∈ B} is an event for any Borel set B. In order to describe an uncertain variable in practice, the concept of uncertainty distribution is defined by Liu [2] as
Peng and Iwamura [8] verified that a function : →[ 0, 1] is an uncertainty distribution if and only if it is a monotone increasing function except (x) ≡ 0 and (x) ≡ 1. An uncertainty distribution (x) is said to be regular if it is a continuous and strictly increasing function with respect to x at which 0 < (x) < 1, and
Let ξ be an uncertain variable with regular uncertainty distribution (x). Then, the inverse function −1 (α) is called the inverse uncertainty distribution of ξ [9] . It is also verified by Liu [10] that a function −1 (α) : (0, 1) → is an inverse uncertainty distribution if and only if it is a continuous and strictly increasing function with respect to α.
The expected value of an uncertain variable ξ is defined by Liu [2] as the following form
provided that at least one of the two integrals is finite. If ξ has an uncertainty distribution , then the expected value may be calculated by
Let ξ be an uncertain variable with finite expected value e. Then, the variance of ξ is defined by Liu [2] as
If ξ has an uncertainty distribution , then
Independence is an extremely important concept in uncertainty theory. The uncertain variables ξ 1 , ξ 2 , · · · , ξ n are said to be independent [4] if
for any Borel sets B 1 , B 2 , · · · , B n of real numbers. Equivalently, those uncertain variables are independent if and only if
Let ξ 1 , ξ 2 , · · · , ξ n be independent uncertain variables with uncertainty distributions
is strictly increasing with respect to x 1 , x 2 , · · · , x m and strictly decreasing with respect to x m+1 , x m+2 , · · · , x n . Liu [9] showed that ξ = f (ξ 1 , ξ 2 , · · · , ξ n ) has an inverse uncertainty distribution
In addition, Liu and Ha [11] proved that the uncertain variable ξ has an expected value
Furthermore, Yao [12] proved that ξ has a variance
Independence of events Consider an uncertainty space ( , L, M). The events 1 , 2 , · · · , n are said to be independent [9] if
where * i are arbitrarily chosen from { i , c i }, i = 1, 2, · · · , n, respectively. Note that (13) represents 2 n equations. For example, when n = 2, the four equations are
are always independent in the product uncertainty space. That is, the events
are always independent if they are from different uncertainty spaces.
Proof. For simplicity, we only prove the case of n = 2. It follows from the product axiom that the product uncertain measure of the intersection is
Similarly, we may prove that
Thus, 1 × 2 and 1 × 2 are independent events. Furthermore, since 1 and 2 are understood as 1 × 2 and 1 × 2 in the product uncertainty space, respectively, the two events 1 and 2 are also independent.
Polyrectangular theorem
Let ( 1 , L 1 , M 1 ) and ( 2 , L 2 , M 2 ) be two uncertainty spaces, 1 ∈ L 1 and 2 ∈ L 2 . It follows from the product axiom that the rectangle 1 × 2 has an uncertain measure
This section will extend this result to a more general case. http://www.juaa-journal.com/content/1/1/9 
where 1i ∈ L 1 , and 2i ∈ L 2 for i = 1, 2, · · · , m, and 
on the product uncertainty space
has an uncertain measure
Proof. It is clear that the maximum rectangle in the polyrectangle is one of 1i × 2i , i = 1, 2, · · · , n. Denote the maximum rectangle by 1k × 2k .
Case I: If
then, the maximum rectangle in c is c 1k × c 2,k+1 , and
No matter what case happens, the sum of the uncertain measures of the maximum rectangles in and c is always 1. It follows from the product axiom that (21) holds.
Independence of uncertain vectors
A k-dimensional uncertain vector is a function ξ from an uncertainty space ( , L, M) to the set of k-dimensional real vectors such that {ξ ∈ B} is an event for any k-dimensional http://www.juaa-journal.com/content/1/1/9
Borel set B [2] . It has been proved that (ξ 1 , ξ 2 , · · · , ξ k ) is an uncertain vector if and only if ξ 1 , ξ 2 , · · · , ξ k are uncertain variables. The joint uncertainty distribution of an uncertain vector (ξ 1 , ξ 2 , · · · , ξ k ) is defined by Liu [2] as
for any real numbers x 1 , x 2 , · · · , x k .
Theorem 3. Let ξ 1 , ξ 2 , · · · , ξ k be independent uncertain variables with uncertainty distributions 1 , 2 , · · · , k , respectively. Then, the uncertain vector
for any real numbers
Proof. Since ξ 1 , ξ 2 , · · · , ξ k are independent uncertain variables, we have
for any real numbers x 1 , x 2 , · · · , x k . The theorem is proved. 
Theorem 4. The k-dimensional uncertain vectors ξ 1 , ξ 2 , · · · , ξ n are independent if and only if
Proof. It follows from the duality of uncertain measure that ξ 1 , ξ 2 , · · · , ξ n are independent if and only if
The theorem is thus proved. Proof. For any Borel sets B 1 , B 2 , · · · , B n , it follows from the definition of independence that
Multivariate normal distribution
An uncertain variable ξ is called normal if it has a normal uncertainty distribution
denoted by N (e, σ ) , where e is the expected value, and σ > 0 is the standard variance. 
is said to have a multivariate standard normal distribution.
It is easy to verify that a standard normal uncertain vector (τ 1 , τ 2 , · · · , τ m ) has a joint uncertainty distribution
for any real numbers x 1 , x 2 , · · · , x m . It is also easy to show that lim
Furthermore, the limit
is a standard normal distribution with respect to x i . 
That is, an uncertain vector ξ has a multivariate normal distribution if it can be represented in the form ξ = e + σ τ (33) http://www.juaa-journal.com/content/1/1/9
for some real vector e and some real matrix σ , where τ is a standard normal uncertain vector. Note that ξ , e and τ are understood as column vectors. Proof. Since ξ is a normal uncertain vector, there exist a standard normal uncertain vector τ , a real vector e, and a real matrix σ , such that ξ = e + σ τ . It follows that 
Conclusions
This paper gave a concept of polyrectangle in product uncertainty space and proved a polyrectangular theorem. This paper also proposed a concept of independence of uncertain vectors and discussed some mathematical properties of it. Finally, this paper presented a concept of normal uncertain vector.
